
A New Similarity Rule for Fluidized Bed 
Scale-up 

A rule of hydrodynamic similarity for a scale change of fluidized beds 
has been developed based on the governing equations of bubble and 
interstitial gas dynamics. When geometrically similar scale-up is to be 
carried out maintaining hydrodynamic similarity, the proposed similarity 
rule requires that two conditions be satisfied. The first condition 
assures a similarity in bubble coalescence. The second assures the 
similarities in bubble splitting and in the interstitial flow pattern. The 
present work proves theoretically that these two conditions are the nec- 
essary, and almost sufficient, conditions for hydrodynamic similarity. 
They consider not only bubble coalescence but also bubble splitting. 
The theory proposed was first tested by previous correlations for bub- 
ble diameter and grid zone structure, and second by experiment. It has 
been proved that as long as the present rule is satisfied, the longitudinal 
distribution of the average bubble diameter, stochastic variation around 
it, and the radial distribution of superficial bubble velocity can be main- 
tained similar for a scale change. 

Application of the present rule to predict the bubbling and solid circu- 
lation characteristics in a large-scale unit by a small-scale experiment 
has thus proved promising, at least for Geldart group B particles. In 
order to further study the possibility of a similarity in mass transfer and 
chemical reactions, computation was carried out using the three-phase 
bubble assemblage model. If the effect of molecular diffusion is negligi- 
ble, as in the case of fluidized bed combustion, even a chemical similar- 
ity is found to be possible. 

SCQPE 
Although fluidization has a number of advantages- 

such as temperature uniformity, good particle mixing, 
capability of continuous particle handling, adaptability 
to elevated temperatures and pressures, high heat 
transfer rate, and the possibility of sophisticated gas- 
solid system developments-a situation often arises 
where development is terminated or abandoned be- 
cause of time shortage and/or remaining risks in the 
scale-up. Previous fluidization theory is lacking espe- 
cially in the handling of the lateral distribution problem, 
which in many practical situations is much more impor- 
tant than other problems. The lateral bubble distribu- 
tion is affected by column design, including such things 
as tapered walls, distributor structure and its nonunifor- 
mity, and internal baffles. 
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In the course of wide application of fluidization tech- 
nology, reliable theories and corresponding techniques 
for experimental confirmation have been needed to 
handle the above-mentioned factors. Based on the Clift 
and Grace (1971) model for bubble coatescence, Horio 
et al. (1983a) developed a computer code for direct 
simulation of bubbling in a large-scale fluidized bed to 
predict its bubbling and solid circulation characteris- 
tics. However, the computation load of the direct simu- 
lation becomes heavier with increasing bed scale, 
while the result is not sufficiently persuasive for operat- 
ing conditions far from those already experienced or 
seen in the literature. 

The objective of the present paper is to propose a 
new methodology for solving the above-mentioned 
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problem. A new similarity rule based on the simulation 
model of Horio et al. (1983a), with modifications taking 
into account the effect of bubble splitting and the 
Davidson (1961) model for interstitial flow, is pre- 
sented. Contrary to the conventional scale-up method- 
ology based on the identity rule, which is unable to 
solve the problems relevant to the lateral flow patterns, 
the similarity rule in this paper reveals the need to 
examine the fluidization phenomena from the point of 
view of geometrical similarity. The present rule requires 
that for geometrically similar bubbling conditions, two 
conditions must be satisfied. It has been proven theo- 
retically that these are the necessary, and almost suffi- 

cient, conditions. Because of the lack of data on the 
fluidizing behavior of group A particles in the Geldart 
(1973) classification, comparisons of the proposed 
theory with the data obtained in this study using group 
B particles is presented as the first step toward the 
complete validation of the theory. The theory has been 
successfully tested by both the previous correlations 
for bubble and jet sizes and the present data. The pos- 
sibility and limitations of extending the present hydro- 
dynamic similarity to the similarity in other rate pro- 
cesses are discussed with reference to the three- 
phase bubble assemblage model. 

CONCLUSIONS AND SIGNIFICANCE 

The Horio et al. (1983a) model for direct simulation of 
bubbling with modification to account for the effect of 
bubble splitting and the Davidson (1961) model for 
interstitial flow were used to develop a new scale-up 
methodology. It has been proved theoretically that the 
geometrical similarity in the hydrodynamics of the 
scale of bubbles can be established after a scale 
change of m times if, and almost only if, u, - u,, = dii 
(u, - urn,)’ and urn, = dii u i , ,  where superscript o 
denotes the values for the original scale unit. The first 
statement is the condition necessary for equivalent 
bubble coalescence. The second is the condition nec- 
essary for equivalent bubble splitting and similar inter- 
stitial flow pattern. This set of conditions is termed the 
similarity rule. 

The theoretical prediction was first validated by pre- 
viously proposed correlations for the cross-sectional 
averaged bubble diameter, the size of vertical and hori- 
zontal jets, and the solid dispersion. Secondly, the pre- 
diction was experimentally validated by three columns 
of 0.041, 0.10, and 0.24 m dia. The cross-sectional 
averaged bubble diameters, stochastic deviations 
around the average, and the radial distributions of 
superficial bubble velocities were all found to be in 
agreement. The present validation is restricted to 
group B particles, although there is the possibility that 
this similarity rule is valid even for group A particles. 

To investigate the possibility of a similarity in chemi- 
cal reaction, computation was carried out using the 
three-phase bubble assemblage model. It was found 
that such similarity is likely for beds of group B par- 
ticles such as fluidized bed combustors. However, due 
to the high contribution of molecular diffusivity that 
does not vary in proportion to the intensity of convec- 
tion, there seems to be little possibility of finding such a 
chemical similarity in fine catalyst beds. 

The significance of the present results lies in the 
hydrodynamic similarity in the radial bubble distribu- 
tion. Since the lateral bubble distribution controls the 
solid circulation, the present scale-up rule is expected 
to be applicable to optimization of particle feeding, cir- 
culation, and discharge, by changing the design of the 
column shape, internals, the distributor, and the loca- 
tion of feeders and downcomers. By using the similarity 
rule for the scale-down, the small-scale cold tests can 
be organized easily. The present rule is probably the 
first rigorous methodology for such design aspects. 
For scale-up and development problems it is sug- 
gested that both the present rule and the conventional 
identity rule be applied. The identity rule, which deals 
with the diameter increase only, is good for studying 
chemical reactions, while the present rule is good for 
testing the bubble distribution and solids handling. 

Background 

Among a number of gas-solid contacting modes the fluidiza- 
tion mode is most advantageous for processes involving a large 
contacting surface area per unit bed volume, uniformity of the 
state of particles, and the capability of continuous solid feeding 
or discharge even under pressurized conditions. The fluidization 
mode is also the most complicated, dynamic, and stochastic, not 
only in physical characteristics, but also in chemical reaction 
performance. Due to this complexity, scale-up methodology has 
so far been largely empirical and no general and systematic 
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method has been established, although one has been intensively 
sought for decades. 

The essential multiphase nature was pointed out early in the 
first period of fluidization study, which was initiated by Lewis 
and Gilliland in 1938 (Jahnig et al., 1980). Applying Kuhn’s 
(1 962) concept of paradigm (i.e., “universally recognized scien- 
tific achievements that for a time provide model problems and 
solutions to a community of practitioners”), the history of fluid- 
ization theory since Lewis and Gilliland can be divided into four 
periods through which we have been getting closer to a compre- 
hensive scale-up methodology. 
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The most important concept resulting from the first period 
(i.e., up to the early 1950’s) is the two-phase theory of Toomey 
and Johnstone ( 1  952). This theory became the paradigm for the 
work of the second period (1953-1962), during which the struc- 
ture of the bubble phase was investigated, first experimentally 
(Yasui and Johanson, 1958; Lanneau, 1960) and then theoreti- 
cally, by Davidson (1961). From his hydrodynamic model for 
the flow field around a bubble Davidson predicted the presence 
of a cloud. This added another complex feature to the multi- 
phase structure of fluidized beds. This prediction was confirmed 
experimentally by Rowe et al. (1 962, 1964). The second period 
was closed with the revolutionary success of hydrodynamic mod- 
eling of fluidized particles. During the third period (1963-1973) 
fluidization theory was systematically organized based on bub- 
ble hydrodynamics. Most of the rate processes in the bed, 
including gas interchange between phases, heat transfer, solid 
circulation and dispersion, and reactor performances, were cor- 
related in terms of bubble characteristics. Along with this sys- 
tematization of the fluidized bed rate phenomena, efforts were 
directed toward the study of the fluidizing characteristics of dif- 
ferent powders, of beds of different diameters, and of much 
higher gas velocities or pressures. At the end of the third period 
these efforts finally yielded three important results: a new 
understanding of the fluidized bed scale effect on radial flow 
distribution (Werther, 1973); a map for powder characteriza- 
tion (Geldart, 1973); and the rediscovery of a “highly expanded 
fluid bed” (Reh, 1971) that had first been studied by Lewis and 
Gilliland (1940) and was later named “fast fluidized bed” by 
Yerushalmi et al. (1976). 

The fourth period dates from 1974. Since then the above find- 
ings have been working as a combined paradigm. Bubble diame- 
ter correlations have become more reliable during this period. 
Detailed investigations have been organized to understand com- 
prehensively the modes of fluidiiation over a wide range of tem- 
perature, pressure, particle size, fluidizing velocity, and column 
diameter. Much attention has also been paid to the boundary 
regions such as the grid zonc, the freeboard, and the stand pipes. 
However, most of the correlations presented so far are restricted 
to certain ranges of powder type, particle size, column size, gas 
velocity, pressure, and temperature. These limitations in the 
previous correlations reduce the reliability of the predicted val- 
ues for commercial-scale plants. They also make it difficult to 
obtain useful information sufficiently from small-scale models 
and cold models. Therefore, the scale-up of fluidized bed reac- 
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Figure 1. Radial location of maximum bubble flow vs. 
height. 

tors so far has had to be done in an empirical manner, introduc- 
ing many stages between laboratory-scale units and the final 
commercial plants. 

In the ordinary scale-up methodology it is a fundamental rule 
that the same particle, the same bed height, and the same gas 
velocity must be used. Distributor parameters, including the 
fraction of open area, cap or tube size, and orifice diameter and 
pitch also have to be kept constant. As long as this rule is satis- 
fied an approximate identity of the longitudinal distribution of 
bubble parameters, such as the average bubble diameter and 
bubble fraction, can be made and thus the chemical reactions 
can be expected to be identical. The increase in the capacity of 
the system is mainly given by the increase in the cross-sectional 
area. In this paper this is called the identity rule. 

The essential disadvantages of the identity rule are: 
1. The scaling-down of commercial concepts to laboratory 

units is limited because of the onset of slugging below a certain 
bed diameter. 

2. N o  information can be gathered from smaller scale models 
because bubble distribution changes considerably with bed 
diameter. 

3. The phenomena related to particle circulation pattern, 
which is much aKected by the radial bubble distribution, cannot 
be tested by smaller models. 

4. The effects of the global structure of the bed, including 
column shape, stand pipe, feeder, and internals and/or distribu- 
tor designs, are difficult to predict from small-scale experi- 
ments. 

The objective of this paper is not to propose a completely new 
scale-up method, but to present a new similarity rule that, com- 
bined with the above-mentioned identity rule, will reinforce the 
theoretical background for scale-up technology. This similarity 
rule provides the criteria for establishing a geometrical similar- 
ity of fluidized bed performance between models of different 
sizes but of the same geometrical structure. To attain a geomet- 
rically similar fluidizing condition between beds of different 
scales, this similarity rule requires that both fluidizing gas veloc- 
ity and minimum fluidization velocity be varied proportionally 
with the square root of the scale ratio. This means that the simi- 
larity rule does not require a geometrical similarity for par- 
ticles. 

Looking back to the past, anticipation of the present similar- 
ity rule can be found in previously published data. Figure 1 
shows the Werther ( 1  973) data replotted by Mori and Wen 
(1975). It can be seen that the maximum of the superficial bub- 
ble velocity appears at the same relative location in the bed. 
Strictly speaking, the requirements of the similarity rule are not 
satisfied in the case of the Werther experiment, because the 
same porous plate and the same gas velocity were used for every 
run. However, Figure 1 is still very interesting for it suggests the 
presence of a certain geometrical similarity. During the recent 
progress of fluidized bed combustor development the need for a 
rational scale-up methodology has again been strongly recog- 
nized. Fitzgerald et al. (1983, 1984) presented a consideration 
based on the Reynolds number and Froude number analogies 
taking the particle size as the representative length. The grounds 
for this consideration, however, were not rigorously established. 
Horio et al. (1982) presented preliminary results of hydrody- 
namic consideration and experimentation to establish a new 
similarity rule. 

The necessary and almost sufficient conditions for a geomet- 
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rical similarity of fluidization are derived theoretically in this 
paper. To validate the present similarity rule, previous bubble 
correlations are reviewed to examine if they are consistent with 
the present conditions and the authors' experimental validation 
is presented. Application of the rule for scale-up and reactor 
development is also discussed. 

Theory 

Formulation of bubblingfiuidized beds 
The hydrodynamic structure of a fluidized bed is determined 

as the solution of a set of equations for gas and solid motion such 
as the Anderson-Jackson (1967) model subject to the boundary 
conditions for the particular geometry and operating conditions 
of the bed. Garg and Pritchett (1975) demonstrated, after 
extremely laborious computation, that jets and bubbles can be 
obtained as a numerical solution of such equations. However, it 
is difficult to apply such fundamental equations to the analytical 
consideration of bubbling bed behavior, because they do not 
explicitly express bubbles. To avoid mathematical complexities 
of such strict treatment the present work is founded on a direct 
simulation model for bubble motion, i.e., a modified version of 
the Horio et al. (l983a) model. The basic assumptions for the 
present formulation are: 

1. The particle phase is well fluidized and the gas flow allot- 
ment to the bubble phase and the emulsion phase is approxi- 
mately expressed by the two-phase theory of Toomey and John- 
stone ( 1  952). 

2. The Row of particles and the flow of interstitial gas are 
described by the Davidson (1961) equations. 

3. The interaction of bubbles in a swarm can be expressed by 
the superposition of the interaction between two bubbles iso- 
lated from others; the latter can be estimated by the Clift and 
Grace (1971) model, which is derived from the potential flow 
assumption for particle flow. 

4. The bubble splitting process can be expressed by the Horio 
and Nonaka (1984) model where the splitting frequency of a 
single bubble is assumed to be proportional to u;) .~,  based on the 
data of Toei et al. (1974). 

Assumption 1 is valid for most of the group B particles of Gel- 
dart's classification. It is also valid for the cases in which the gas 
velocity is much higher than the minimum fluidizing velocity, 
regardless of the powder type. Assumption 2 may be replaced by 
the Murray (1 965) model, but the difference is not a major one. 
The measurement of gas velocity by hot wire anemometry 
(Nguyen et al., 1976) has shown that the Davidson model is still 
in agreement with the observed velocity. In regard to assump- 
tion 3, Clift and Grace proposed their coalescence model for two 
isolated bubbles already with experimental validation. The su- 
perposition of the model in the cases of freely bubbling condi- 
tions was tried and confirmed by Horio et  al. ( 1  983a). They con- 
firmed that satisfactory bubble simulation is possible with a 
slight modification of the bubble velocity coefficient. Although 
some more investigation is required, the validity of assumption 4 
has been confirmed over the range of D, = 0.079 - 1.0 m, uo = 

0.05 - 0.5 m/s, and urn/ = 1.6 x - 0.1 m/s (Horio and 
Nonaka, 1984). Thus, combining the above four assumptions, a 
considerably general model of the fluidization phenomena can 
be constructed. 

To define the time-averaged characteristics of a fluidized bed 
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by any model, two local time-averaged parameters, the bubble 
fraction and the bubble diameter, are necessary and sufficient. 
The local time-averaged bubble fraction t b  is given by 

urn t s = - .  
ub 

where u,,,, is the local superficial bubble velocity, i.e., the local 
visible bubble flow rate per unit cross-sectional area of bed, and 
ub is the local time-averaged bubble rising velocity. 

Integration of U b t b  over the cross section with assumption I 
yields 

where z b  and i i b  are the cross-sectional averages of bubble frac- 
tion and bubble rising velocity, respectively. 

In regard to both the local time-averaged superficial bubble 
velocity urn and the local time-averaged bubble diameter, no 
method has been established to predict them directly by solving 
certain governing equations. The only method available at pres- 
ent is first to solve the equation of motion for each bubble taking 
into account the bubble coalescence, and then to calculate the 
time average variables from the bubble trajectory data. Horio et 
al. (l983a) presented a method by which one can simulate lat- 
eral bubble distributions and solid circulation patterns in large 
scale fluidized beds. The major equations in their model are as 
follows. 

Location and diameter of an arbitrary bubble i 

(3) 

(4) 

where B is the set of existing bubbles in the bed, and B: is the set 
of bubbles already absorbed by the bubble i. The computation 
for the bubbles absorbed by the bubble i is, of course, terminated 
at  the time of coalescence. 

Initial condition for  the integration 

Dbi = Drn and x b i  = xni at  t = ti .  (5) 

From the Davidson and Harrison (1963) model 

D, = 1.3g-n2[(A,/n,)(uo - u , , , ~ ) ] ~ . ~ .  (7)  

In the simulation by Horio et al. (1983a) a random variable of 
uniform distribution was used to determine the initial timing of 
bubble formation from each orifice. In order to express the fluc- 
tuation around the mean period of bubble formation from each 
orifice a random variable of normal distribution was applied. 
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Rising velocity of bubble i in a freely bubbling bed used as the representative length because it is a parameter for 
the microscopic interstitial flow field. In other words, the par- 
ticle phase has to be treated as a continuous phase to focus our 
attention on the macroscopic flow field in the bed. 

Then. we have j+i 

where 

j €  BI I ” ’  Horio et  al. (l983a) adjusted the parameter F by 

so that the computed rcsults correspond with the Whitehead and 
Young (1967) data and with the GOLFERS (1 982) data. Au,, 
the increment of velocity of the bubble i due to the interaction 
with the bubblej, is a function of the size of the two interacting 
bubbles and their relative location. That is 

where 

If the transient version of the Davidson differential equations 
were solved subject to the bubble motion obtained from Eqs. 17 
to 23, the gas and particle flow in the vicinity of bubbles could be 
determined. However, the mathematical expression for the con- 
ditions a t  the bubble boundary for such a situation is too compli- 
cated for our present concern. Since our purpose is to find the 
parameters controlling the flow around bubbles, we will not lose 
the generality even if  we assume that the gas and particle flow 
fields in the vicinity of a bubble are  approximately equal to those 
around an isolated single bubble. Then, from Davidson (1961) 
we have the following dimensionless stream function of intersti- 
tial gas and the dimensionless velocity potential for dense phase 
particles: 

The details of the function F i n  Eq. 1 1  are not present here but 
can be found in the Clift and Grace (1971) paper. The signifi- 
cant feature of F, however, is that its value is conserved during a 
geometrically similar scale change. 

Such simulation becomes more realistic if  bubble splitting is 
also taken into account. Horio and Nonaka (1984) tentatively 
correlated the splitting frequency for a single bubble in the 
course of its rising by 

Now, to rewrite the set of the above equations into dimension- 
less forms the following dimensionless parameters are intro- 
duced: 

where 

and 

where D, is adopted as the representative length. Since in the- 
present model the height of the bed surface has no special effect, 
and since the particle size is not included in the model explicitly, 
D, is the only length parameter corresponding tcj the operating 
conditions. Jn regard to the particle diameter, it should not be 

R; is the dimensionless bubble radius, r+ is the dimensionless 
distance from the bubble center, and 0 is the angle from the ver- 
tical axis. 
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When ab > 1 a cloud is formed around a bubble. The dimen- 
sionless cloud radius R: is given by 

Derivation of the similarity rule 
Based on the above description of the fluidized conditions a 

rule for a complete geometrical similarity is derived. As shown 
in Figure 2, the fluidizing condition in a geometrically similar 
model m times larger than the base model is considered. Here it 
is assumed that the bed height, column diameter, distributer 
orifice diameter, orifice pitch, and other structural parameters 
are changed in the same proportionality such as 

where the superscript o denotes the base condition. 
Since the hydrodynamic condition of a fluidized bed is almost 

completely determined by the bubble behavior, having a geo- 
metrically similar fluidizing condition between the above- 
described two beds is equivalent to having a geometrically 
similar bubbling condition between them. Thus, if the following 
conditions are satisfied, both fluidized beds are  expected to show 
equivalent hydrodynamical behaviors: 

Condition for  identical bubble fraction 

where ( x + ,  y + ,  z')  are the dimensionless Cartesian coordinates, 
z+ for vertical axis. Taking the average of Eq. 30a over the cross 
section, we have 

Condition for  a geometrically similar bubble size distribution 

Condition for equivalent splitting frequency 

Condition for  geometrical similarity of (he flow jield around 
each bubble 

(33) 

where (r+,  8) are the dimensionless polar coordinates locating its 
origin on the bubble center, and u, and u are the gas and solid 
velocities in the emulsion phase, respectively. Their radial and 
tangential components are given by 

(35) 

Here, the fundamental equations, Eqs. 17 to 25, introduced 
above are examined relevant to the scale change effect. In the 
present formulation those parameters having length in their 

, 
L 

0 .  

0 
. .  . 

. 

T 
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Figure 2. Two beds of complete geometrical similarity. 
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dimensions are made into dimensionless form by adopting not 
the particle size but the column diameter D, as the representa- 
tive length. Therefore, if the dimensionless equations remain 
invariant through the change in bed scale, the results for local 
time-averaged values such as dimensionless bubble size and 
bubble fraction also remain invariant. This is the case where a 
geometrical similarity is attained. 

In the present model the equations having D, as their parame- 
ters are Eqs. 21 to 25. Equations 21 and 22 are to be invariant 
during the scale change if, and only if, 

(39) 

On the other hand, Eqs. 24 and 25 are invariant if, and only if, 

The above relation also makes Eq. 23 almost invariant. In the 
denominator of Eq. 23 the part (gD,)'.' is not nullified by the 
nondimensionalization, although the effect is almost negligible. 
At present, however, no solution to this problem seems to be 
imminent, because whether the power in correlation 16 is 1.2 or 
1.0 is still open to future investigation due to the lack of suffi- 
cient experimental data. Rearranging Eqs. 39 and 40, we have 
the final expression for the necessary and almost sufficient con- 
di tions: 

Condition for  geometrically similar bubble coalescence 

Condition for  a geometrically similar$ow$eld around a bub- 
ble and for  similar bubble splitting 

For group B powders where splitting is negligible, the first con- 
dition is sufficient for geometrically similar distribution of bub- 
ble diameter and bubble fraction. 

Therefore, if  any information is needed about the fluidizing 
condition of a commercial-scale plant to be developed, the fol- 
lowing procedure can be used to predict it. First, a complete 1 / m  
scale model, including the distributor structure, is constructed 
and particles whose urn/ is l / f i  of that of the particles to be 
used in the commercial scale operation are charged into the 
column. The bed height is also adjusted in the same proportion. 
Then, if the bed is fluidized by gas with a velocity of 1 / fi times 
the base condition, geometrically similar bubbling is estab- 
lished. The requirements of the second condition assure the sim- 
ilarity of the hydrodynamic condition of the dense phase. 

It should be noted here that the above two simple conditions 
are proved to be not only necessary conditions, but also suffi- 
cient conditions for attaining geometrically similar fluidizing 
conditions. The proof of sufficiency is complete for the first con- 
dition, but it is not for the second, because the present consider- 
ation for the flow field is restricted to the isolated single bubble. 
However, if the Davidson equations are solved for the boundary 
condition of a multibubble situation, the additional parameters 

are the bubble diameters and their locations. Thus the system 
remains more or less in a similar structure. Therefore, from such 
a general treatment of the problem the same results as Eq. 42 
would be: obtained. 

The result that the condition of Eq. 41 is necessary can easily 
be derived without introducing Eqs. 17 to 22. That is, from Eqs. 
2,30, and 31 condition 41 is immediately obtained. The reason a 
rather complicated procedure has been taken here is to prove 
that the condition is a sufficient condition for the similarity not 
only for longitudinal distribution but also for radial distribution. 
The similarity in the radial bubble distribution is very impor- 
tant, because with this condition a geometrically similar radial 
solid circulation pattern may be obtained. 

Validation of the Similarity Rule by Previous 
Correlations 

Before testing the above similarity rule directly by experi- 
ments the consistency between the present rule and the pre- 
viously proposed correlations for bubble diameter. particle dif- 
fusivity, and grid zone parameters are examined. 

Longitudinal distribution of cross-sectional average 
bubble diameter 

Only those correlations including the initial bubble diameter 
or a corresponding term are examined to see if they satisfy the 
present similarity rule. Here it is supposed that the bed is scaled 
up m-fold geometrically and that the particle size and the fluid- 
izing gas velocity are changed according to the requirements of 
Eqs. 41 and 42. Then, if the bubble diameter from a correlation 
changes m times, the correlation is consistent with the similarity 
rule. The result of this test is shown in Table I .  It is interesting 
that although the mathematical structure of correlations by 
Chiba et al. (1973), Hirama et al. (1975), Mori and Wen 
(1979,  Rowe (1976), and Darton et al. (1977) differ considera- 
bly, they all satisfy the present rule. Other correlations by Gel- 
dart (1971) and by Fryer (1974) screened out by the similarity 
rule may be limited in their applicability within a narrow 
range. 

Slug behavior and onset of slugging 

lowing Stewart and Davidson (1967) correlation: 
The rise velocity of a round-nosed slug is expressed by the fol- 

(43) 

For the onset of slugging Stewart and Davidson presented the 
following criterion: 

As far as these correlations are concerned, the behavior of slugs 
and the onset condition of slugging are consistent with the pres- 
ent similarity rule, since, from the condition in Eq. 39, both the 
righthand side of Eq. 43 and the lefthand side of Eq. 44 remain 
constant during the scale change based on the present similarity 
rule. 

For square-nosed slugs the onset condition does not depend 
upon gas velocity. Yagi et al. (1952) presented the following 
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Table 1. Consistency of Previous Bubble Diameter Correlations with Present Similarity Rule 

Consistency -~ - 
lnvestigator Bubble Dia. Correlation D b / D g  -__ ~ _ _ _ _ _ _ _ _  

Geldart (1971)  
No 

due to the nonlinear D, + 0.27z(u0 ~ 

Dgo + 0.27z0(u: - uif)0.94 
= m - M’.~’ 

term z(uO - umr)0-94 

1.245(z - zbo)/Dbo + 1 

I .245(z” - z io ) /D& + 1 
Db = [ 1 . 2 4 5 ( ~  - Zbo)/& + 1]2/7D60 

2 < Zk 

Fryer ( 1  974) 
No 

due to the nonlinear = m - m’.’ Dbo + 2.05 x lO~ ’u ,z  

D;, + 2.05 x 10-2u:z” term uoz 

exp ( - 0 . 3 z / D , )  Dbm - 
D,, - D h n  

Mori and Wen ( 1  975)  -= 

Yes 

onset criterion for square-nosed slugging: 

For small particles of Ar < 1.9 x lo4, the critical L,,,//D, changes 
with rn0-075 and the present similarity rule stands approximately 
because the change in dp required by Eq. 42 is proportional to 
m0.25 . For large particles of Ar > 2.45 x lo7 the required change 
in dp is proportional to m. This means that the particle size is 
changed similarly and the critical L,,,//D, changes with M - ’ . ~ ;  

that may not be negligible in a scale change of large magnifica- 
tion. However when the same particles are used, the criterion 
(Eq. 45) is consistent with the present geometric similarity rule, 
although the similarity of the interstitial flow field is sacrificed. 

Slugging phenomena are dependent on the distribution of 
powder stress in the bed, and therefore on the powder properties 
that may not be able to satisfy the present similarity rule. 
Baeyens and Geldart ( 1  974) modified Eq. 44 by including a 
term to express the effect of bed height, which contradicts the 
present similarity rule. The empirically determined criterion by 
Broadhurst and Becker (1975) does not satisfy the present rule. 
These suggest that more work should be done to make any more 
detailed argument. 

Particle circulation and dispersion 
The rate of axial particle circulation induced by wake lifting 

and by drift motion is proportional to u,, ~ urn/ as written in the 
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following: 

wheref, is the wake fraction, and fd represents the contribution 
of drift motion. The relative intensity of axial circulation 
q, / [ (uo - u , ) A , ]  remains constant during the scale change. 
For the case where particle circulation is controlled by a 
buoyant effect, not by wake lifting, as in the case of a bubble 
column, the following expression is presented by Miyauchi e t  al. 
(1981): 

u = 6Zbuo(e: + [ l  - (r/R,)*12] (47) 

where 

e, = [ ( 2  - 3gb)/6(I - Q]’’’ (48) 

The turbulent kinematic viscosity vt is given by 

Substituting the similarity conditions into the above equations, 
the change of the relative circulation intensity u/(uo - urn/) 
with the scale change of rn times can be calculated. The result 
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is as follows: 

where the power of rn in the above equation should be zero if the 
similarity rule stands. Therefore, if the particle fluidity is as 
high as that of fine catalyst particles, there is a possibility that 
the circulation intensity deviates from the similarity condition to 
the extent given by Eq. 5 1. 

In regard to the radial particle dispersion Kunii and Leven- 
spiel (1969) applied the random walk model and presented the 
following relationship: 

Actually, the particle motion is induced by bubble motion and 
its representative velocity is u b .  Hirdma et al. (1975) replaced 
umf/tmf in the above relation by ub and proposed the following 
correlation: 

where Dt' denotes the thickness of a two-dimensional bed or the 
diameter of a cylindrical bed. Using condition 41 the invariancy 
of the Peclet number during the scale change can easily be 
checked. 

Grid zone structure 
Approximately four to five parameters, i.e., initial bubble 

diameter, jet diameter, jet height, jet length for horizontal jet- 
ting, and dead zone height are essential for describing the hydro- 
dynamic structure of a grid zone. Using Eq. 21 it has already 
been proved that the initial bubble diameter changes proportion- 
ally with the bed dimension if condition 41 is satisfied. 

For jet diameter and height the consistency of the previously 
proposed correlations and the present similarity rule was exam- 
ined. Results are summarized in Tables 2 and 3. It can be con- 
cluded from these tables that most of the correlations having 
certain theoretical background are almost consistent with the 
present rule, although the latter has been derived only from the 
analysis of bubbling characteristics. The reason for this consis- 
tency seems to be that the jetting phenomena is controlled by urn, 
in the dense phase and by the kinematic energy pfui/2 in the jet 
phase, both of which are automatically adjusted by Eqs. 41 and 
42 during the scale change with geometrically similar bub- 
bling. 

For horizontal jetting Horio et al. (1983b) proposed the fol- 
lowing semitheoretical correlation: 

(54) 

where l ,  and l2 are functions of uo/u,,,f. From Eqs. 29,41, and 42 
the change of jet length with the scale change of m times is given 

In most cases the value [gdz/lq is much smaller than unity and 
the righthand side of Eq. 55 is nearly equal to W Z ' . ' ~ .  It is under- 
stood that for a scale change within five times that of the origi- 
nal, the horizontal jet remains almost similar because the 
dimensionless jet length increases 27%; that is within the predic- 
tion error. Otherwise, the correlation may be applied to obtain 
the nozzle diameter dn for an exactly similar jet length. 

Concerning the dead zone on the perforated plate, Horio et al. 
(1980a) correlated the results by 

where d,,, denotes the particle moving zone diameter around the 
orifice. Since the minimum value of d,,, is d, ,  the maximum 
value of h, depends only on the angle of repose 4, and P,, ~ d,. 
Therefore, the maximum value of the dead zone height for non- 
cohesive particles also remains similar. 

As shown above, most of the parameters necessary to define 
the fluidized bed conditions seem to behave similarly during the 
scale change with the present similarity rule. It should be noted 
here that purely empirical correlations with no theoretical back- 
ground tend not to satisfy the present similarity rule. 

Experimental 
Fluidized beds and bed materials 

In order to validate the similarity rule derived above an exper- 
iment was carried out with three fluidized beds of different 
diameters but having completely similar geometry. The column 
diameters were 0.24 , 0.10, and 0.041 m. The columns were 
made of PMMA resin. Each bed was equipped with a similar 
perforated plate distributor with 223 holes drilled in a triangular 
arrangement. The particles used in the experiment are listed in 
Table 4. All powders belonged to group B of the Geldart ( 1  973) 
classification. The beds were fluidized by ambient air. 

Fluidizing conditions 
The present experimental runs have been grouped into three 

series. In each run the longitudinal distribution of the cross-sec- 
tional average bubble diameter, the cumulative bubble diameter 
distribution in the bed cross section, and the radial distribution 
of superficial bubble velocity were measured. The conditions of 
the series A runs are shown in Table 5 .  The objective of this 
series was to examine whether the above three factors remain 
similar when both conditions 41 and 42 are satisfied. That is, 
both urn/ and (uo - urn,) were changed Jiii times so that both 
bubble and cloud diameters changed in a complete proportional- 
ity. 

In test series B the same powder was used in every run, as 
listed in Table 6. In this case the exact equivalence of the cloud 
diameter is not established. However, such cases may often arise 
in the practical situations where it is impossible to change the 
particles. 

Test series C was programmed to check whether the three 
powders show similar bubbling characteristics fluidized in the 

1474 September 1986 Vol. 32, No. 9 AIChE Journal 



Table 2. Consistency of Previous Jet Diameter Correlations with Present Similarity Rule 

Investigator Correlation Consistency 

Malek et al. (1963) 

Lefroy and Davidson (1  969) - =  I .06 - d P  d p  - m l / 4  No dj 
p. p. dz 

Littman et al. (1979) d, 
d" 3.1 

2.1 exp (-0.018/A) + 1 
- =  

m 2.1 exp ( - 0 . 0 1 8 / ~ )  + 1 
2.1 exp (-O.O18/A0) + 1 

2 
[(0.862 + 0.219 1) - 0.053 (2)] = m Yes 

if p/u.dp < 5.76 
P 

A = A" 

Tanaka et al. (1980) 

Horio et al. (1980b) 

. (;:r=m -- Yes 

I - sin& 
1 + sin d, 

k f -  ,J II 0.02 

Table 3. Consistency of Previous Jet Height Correlations with Present Similarity Rule 

Investigators Correlation h,/hj" Consistency 

Basov et al. ( 1  969) No h; - m1/32 7 x + 0.566d; 
h," 7 x + 0.566d;m1/4 
- -  1.26d,,Go.3s h' = ' 7 x + 0.566dP 

hi - h: - Din 

Merry (1975) Almost yes 

_- 

Toei et al. (1974) h, = 0.6Glf3 Almost yes 

(;)"""(;i""" = m  Yes 

(0.6G0.4 ( u ~ / u , / >  7) 
h .  = 

Tanaka et al. (1980) 
Yes 
to 

almost yes 

~ -. 

hi 0.857 
5.5 + In fi 

5.5 + In (2u,,,/) 

~- [l.2(d,/Pn)-o~ws - 11 In 
P" f i  

6uo = 

k = ( l  -sin$,)/(l +sin$,) 

Almost yes 

Yes 

-- 

0.004m/s (d,, > O.lmm) m-= 
0 . 0 5 ~ ~ ~  (d, < O.lmm) (d, z O.lmm) 

m (d,, < O.lmm) 

Horio et al. (1980b) 



Table 4. Properties of Particles Table 6. Experimental Conditions for Test Series B 

d, (observed) (Wen-Yu, 1966) 
Particle Material pm m/s  4 s  

GB376 Glass beads 376 0.112 0.1 12 
GB305 Glassbeads 305 0.074 0.075 
GB236 Glass beads 236 0.046 0.045 

same column under the same u,, - urn,. The experimental condi- 
tions are given in Table 7. 

In series B and C the ratio of the cloud radius to the bubble 
radius was supposed to change run by run. In the series B condi- 
tions ubr defined by Eq. 26, changes 4% times since ubm changes 

times with a scale change of m times while u,,remains con- 
stant. In series C ,  ab varies 2.42 times from run IV to run V due 
to the change in u,,. This change in f fb affects the smaller bub- 
bles more than it affects the larger ones because in the case of 
larger bubbles the cloud becomes relatively thinner and the 
effect of the diKerence in cloud diameter becomes negligible. 

Measuring techniques for bubbles 
All bubbling data were obtained by analysis of a video record 

of bubble bursts at the bed surface. Motion pictures were taken 
by a video camera (SONY rotary shutter camera RSC 11 1 ON, 
shutter speed 1/500, 60 frames per second). From the pictures 
reproduced on the TV screen the outlines of the bursting bubble 
bulge were duplicated on tracing paper. Then the two-dimen- 
simal data from the paper with regard to the location of each 
bubble center and the bubble radius were fed to a computer 
(FACOM M200) through a digitizer. The bubble diameter was 
determined from the diameter of the bursting bubble bulge 
according to the Tanimoto et al. ( 1983) correlation. 

The average bubble diameter a t  a given height was calculated 
as the volunie-averaged diameter of the bubbles that passed the 
corresponding cross section. About 100 bubble samples in  a 
series were taken for each cross section. 

Calculation of radial distribution of superficial 
bubble velocity 

To determine a superficial bubble velocity distribution from 
video pictures is necessary to take into account the finite volu- 

Table 5. Experimental Conditions for Test Series A 

Rur! 

1 
(base 

condition) I 1  111 

D,, m 0.24 0.10 0.04 I 
in 1 .oo 0.417 0.171 
m l / 2  I .oo 0.645 0.413 

Particles G B376 GB305 GB236 
urn/, m/s 0.1 I: 0.074 0.046 
%/u:f 1 .oo 0.661 0.41 1 

uo, m/s 0.224 0.146 0.092 
uo - urn/. m/s 0.112 0.072 0.046 

I .oo 0.643 0.41 1 uO ~ umJ 
~ 

(uo - U m / Y  

Run 

I 
(base 

condition) IV VI 

D,, m 0.24 0.10 0.041 
in 1 .oo 0.417 0.171 
mv‘ 1 .oo 0.645 0.413 

Particles GB376 GB376 GB376 
urn/, m/s 0.1 12 0.1 12 0.1 12 

uo, m/s 0.224 0.184 0.158 

(uo - u,)” 

uu - urn/. m/s 0.1 12 0.072 0.046 

1 .oo 0.643 0.41 I UQ - urn/ 
~~ 

metric effect of bubble passage around the trajectory of the bub- 
ble center. In this data-processing algorithm the bubble shape 
was approximated by a cylindrical rod of the height i b ,  as shown 
in Figure 3a, to avoid too many complexities. The local superfi- 
cial bubble velocity is given as the following summation of bub- 
ble height divided by the elapsed time: 

(57) 

As can be seen in Figure 3b the column radius was divided into 
100 sections and the circumference of each section was divided 
into 60 sections. Thus, including the column center, a total of 
101 nodes were defined. Once the ubeb values for all the nodes 
were calculated, an average was obtained for the whole points on 
each circumference. This yielded the radial distribution of ubcb. 

Results 
Bubble size distributions 

Longitudinal distributions of cross-sectional average bubble 
diameter are shown in Figure 4 with those predicted by correla- 
tions of the Mori and Wen (1975), Rowe (1976), and Darton et 
al. (1977). As expected from the theory, the results from all the 
series fall into the same distribution within the range of experi- 
mental error. 

Not only the cross-sectional averages, but also the bubble size 
distribution around the average at  each dimensionless height 
coincide. Figure 5 shows that the cumulative distribution of the 
bubble diameter at each height in each run coincides with that 
of the base condition for the corresponding height. This implies 

Table 7. Experimental Conditions for Test Series C 
- 

Run 

IV I I  V 

D,, rn 0.10 0.10 0.10 

Particles GB376 GB305 GB236 
urn/. m/s 0.1 12 0.074 0.046 

uo. m/s 0.184 0.146 0.118 
uo - umf,  m/s 0.072 0.072 0.072 
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grid jk 

( b )  
Figure 3. Method for ubcb calculation. 

(a) approximated bubble shape. (b) grid for sampling. 

that the bubble growth process is insensitive to the cloud size 
differences, as has already been assumed in the previous bubble 
size correlations and coalescence models. 

Radial bubble flow distribution 
In Figure 6 the changes in the radial distributions of superfi- 

cial bubble velocity ubtb with dimensionless height are shown for 
the three experimental series. For series A arid B the radial dis- 
tributions at  each height agree within the range of experimental 
error, although the discrepancies are slightly larger for the cases 
of L,,,,/D, = 0.6 and 0.8 in series A. In series C the curves for run 
V change from a circumferential flow at  the bottom to a central 
flow at  the top. However, from the present data the cause of this 
is uncertain. Like the bubble size distributions, the radial bubble 
flow rate seems to be insensitive to the difference in the hydrody- 
namics of gas in the emulsion phase as far as the group B par- 
ticles of the Geldart ( 1  973) classification are concerned. 

Change in time scale 
Figures 7 and 8 show the experimental results for the change 

in bubble frequency a t  a given Lm// D, due to the change in the 
bed scale for series A and B, respectively. Figure 9 shows the 

0.3 I I I I 

h 

' 0.2 - 
v 

L 

0 . 
,g 0-1 - - 

I I I I I  
0.2 0 . 4  0-6 0-8 1.0 

longitudinal distribution of bubble frequency for the series C 
runs. The good agreement between the bubble frequencies from 
the three runs shows that when the column is not changed, the 
bubbling characteristics become similar for the same uo - urn/. 
This result is probably restricted to the group B particles. When 
the column diameter was changed according to the present simi- 
larity rule the frequency decreased in proportion with fi (Fig- 
ures 7 and 8). 

The above result, however, is completely consistent with the 
present theory. In the scale change by the present rule the scale 
of length divided by time only varies J;ri times when the length 
scale is changed m times. This means that the time scale is also 
changed fi times. Accordingly, bubble frequency changes 
1 / Jrii times. In other words, if the present rule is applied for the 
scale-down from a commercial concept to a smaller unit, the 
phenomena in the smaller unit progress fi times faster than 
those in the commercial unit. Therefore, if we can adjust any 
rate phenomena such as reactions and heat transfer so that their 
rates change fi times with the scale-up of m times, the whole 
system can be kept similar-although it is not always possible, 
as discussed in the following section. 

Possibil i ty of Similarit ies in Mass  Transfer  
and Reaction 

Although the present similarity rule is restricted within thc 
similarity of hydrodynamic conditions, it is interesting to study 
how much the rule can be extended to the phenomena contain- 
ing other rate processes, such as mass transfer and chemical 
reaction. In the case of mass transfer between the bubble and 
cloud phases, both gas convection and diffusion contribute to the 
overall rate. Following Davidson and Harrison ( 1  963) w e  can 
write 

L f l D f  ( -  1 

Figure 4. Longitudinal distribution Of CrOSS-SeCtiOnal aV- 
erage bubble diameter. 

It may be worth noting here that this correlation is also valid for 
a slow bubble for which the cloud boundary is not closed. The 
first term in the above correlation represents the convection and 
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I run 1 I 

1 1 111 1 0.041 I GB236 
ru? III ' - 

I1 1 111 I I V  I v I V I  I 

_ _ ~  ~ ~ ~ 

_ _ _ _ -  : data from run I 

Figure 5. Cumulative distribution of bubble diameter at different heights. 

the second represents the diffusion. Taking the ratio of the latter 
to the former and dropping the numerical constant, which is 
roughly unity, we have 

as a parameter to express the relative intensity of the diffusion 
compared to the convection. If @ is much greater than unity the 
hydrodynamics have only a negligible effect on the gas 
interchange rate. If @ is much smaller than unity the gas 
interchange is controlled by the hydrodynamics. In the reaction 

est 
ieries 

mfl D 
= 1.0 

- 

0.8 

0.6 

0.4 

- 

A 

1 2m 
-0 

'tY@d 
0 
0 0.5 1 

B 

H 

0 0.5 1 

C 

1 0.5 1 
I 

Figure 6. Radial distribution of superficial bubble veloc- 
it y ubeb. 

model the effect of gas interchange is expressed by a dimension- 
less parameter NB, defined by 

If the first term of the righthand side of Eq. 58 is expressed by 
KO, and the corresponding NBC by N B a  becomes 

In the situation of B -x 1 the gas interchange is kept similar 
through the scale change because the invariance of NBc 3 Nsco is 
guaranteed by the present similarity rule. It can be seen from 
Figure 10 that the existing fluidized processes vary widely from 
the hydrodynamics control range to the diffusion dominating 
range. Those processes with fine catalysts belong to the range of 
@ > 10, while fluidized bed combustors belong to the range of 
p < 0.1. 

I t  I run1 Dt (m)lparticles 
I I 0.24 I GB376 

I I I1 10.10 I GB305 I 

h 

m 
\ 100 501 10 

0.02 0.1 0 . 5  
D t  ( m )  

Figure 7. Bubble frequency in series A runs. 
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Figure 8. Bubble frequency in series B runs. 

To attain a similarity in the chemical conversion, not only the 
mass transfer but also the reaction itself must be similar. From 
the consideration made in the preceding section, the fi times 
change in the reaction rate is consistent with the 1 / m  times scale 
change under the present similarity rule. Computation was done 
to compare the overall conversions for commercial or pilot scale 
plants and for those of 1 / m  scale. The model used for the present 
computation was the three-phase bubble assemblage model 
(Horio and Nonaka, 1984). The model is similar to the three- 
phase bubble assemblage model of Peters et al. (1982). How- 
ever, the gas downflow in the emulsion phase was neglected and 
only the conversions in the bubbling zone were computed. Fig- 
ure 11  shows the result for a 500 MW atmospheric fluidized bed 
combustor (AFBC). If the same particles are used for beds of 
different scale, the broken lines are obtained. In Figure 11 the 
abscissa represents the dimensionless reaction rate constant N,,  
which is defined by 

(62) 
N =-, k r L m ,  

UO 

where k,  is the apparent reaction rate constant for a first-order 
reaction. According to the rule of time-scale change k, is 

:'m~;, Jgq 
A V I  GB 236 

10 - 
0.4 0.6 0.8 1.0 

LmflDt ( - 1 
Figure 9. Longitudinal distribution of bubble frequency in 

series C runs. 
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Figure 10. Operating range of various processes. 
AFBC (atmospheric fluidized bed combustion): 20 t(steam)/h 
(Wakamatsu plant) -1,640 t/h (500 MW conceptual design) 
(Tamanuki et al., 1979, 1981). 
-effect of internals not considered. 
--- max. bubble dia. = pitch of heat transfer tube. 
FCC (fluid catalytic cracking): 5,600 bbl/d (Yamaguchi, 1960). 
HOT (heavy oil treating process): 250 BPSD, D, - 1.6 m, L! = 10 
m (Kashiwara et al., 1982). 
KK (Kunii-Kunugi thermal cracking process): 120 f / d ,  D, = 1.6 
and 2.7 m, Lf= 5.5 m (Kashiwara et al., 1982). 
PFBC (pressurized fluidized bed combustion): Grimethope plant, 
A, = 2 x 2 m', Lr = 4 m (Carls et al., 1980); Leatherhead plant, 
A, - 1.2 x 0.6 m , Lf = 2.8 m (Hoy and Roberts, 1980). 
SOH10 (SOHIO, Cat-21 acrylonitrile process): 230-470 t/d, 
D, - 3.4 m, L ,  = 6.7 m (Ikeda, 1977). 

changed to 1 / 4% times with the 1 / m  times change in the length 
scale. It is obvious that i f  the present similarity rule is com- 
pletely satisfied, improved chemical similarity is obtained. How- 
ever, in the high conversion range deviation from the m = l 
curve is evident. If the scale is decreased according to the pres- 
ent rule, the intensity of convection is decreased. The intensity of 
diffusion, however, remains constant. Therefore, the conversion 
is increased with the reduction in the plant size. The faster the 
reaction rate is, the more exaggerated this tendency is. 

Since the apparent reaction rate constant k, includes the 

500MW AFBC 

0 .- 
h- . 

100 
0.0 1 

0.1 1.0 10 
Nr 

Figure 11. Test of chemical similarity for fluidized bed 
combustion. 
- both Eq. 41 and 42 are satisfied. 
---only Eq. 41 is satisfied. 
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catalytic reactor 1 
- - 

C 
0 .- 

- 
0.01 

0.1 

Dt = 3.4m \b 
LA = 6.7 rn 

uo= 0.46 rn/s 
umf 2.13~10-3 m/s  
Ds= 6 . 0 2 ~ 1 6 ~  m2/s  

piston flow’ - 
1.0 10 100 

Nr 
Figure 12. Test of chemical similarity for fluidized bed 

catalytic cracking. 

effect of char holdup in the bed, we can write 

where k,  is the overall combustion rate constant and Xc is the 
char holdup. In fluidized bed combustion (FBC) the char 
holdup in the bed is about 1% and the reaction rate constant is 
approximately estimated assuming that the Sherwood number 
equals 2 and that the mass transfer is the rate-controlling step. 
Assuming that the average char particle size in the bed is 0.5 x 

m, we have N ,  = 10. This indicates that the apparent reac- 
tion rate is adjusted in FBC so that the stoichiometric amount of 
oxygen is completely converted. Since the excess air ratio is 
about 0.2 in the ordinary AFBC condition, the necessary conver- 
sion for complete combustion of coal is 0.83. Although the maxi- 
mum conversion for the case of m = 1 is still less than this value, 
probably because the effect of the in-bed heat transfer tubes was 
neglected, it can be seen that the 10-times scale-up or one-tenth 
scale-down can be done within 10% accuracy of the conversion. 
This suggests the possibility of applying the present similarity 
rule to a hot combustion experiment to study the effects of inter- 
nals, distributor, and fuel feeder designs. 

An example of computation for a catalytic reactor is shown in 
Figure 12. In the computation bubble splitting is also taken into 
account based on the Horio and Nonaka (1984) correlation. 
Because of the small bubble diameter, even the curve for m = 1 
is fairly close to that of the plug flow. Nevertheless, the differ- 
ence between the curves, not their closeness, should be stressed 
because it indicates that the contribution of bubble hydrody- 
namics cannot be neglected. However, even the one-fifth scale- 
down according to the present similarity rule brings about a 
result very close to the plug flow condition due to the sharp 
increase in the relative intensity of diffusion. Therefore, i n  the 
case of catalytic reactions with fine catalyst particles, it would 
be very difficult to predict the exact reaction performance of a 
commercial-scale plant directly from a small-scale experiment. 

Concluding Remarks 
Bubbling, jetting, and interstitial flow in a fluidized bed can 

be made geometrically similar with those in the beds of different 
scales if the column structure is similar and if the conditions of 
Eqs. 41 and 42 are satisfied. Theoretical derivation, test of con- 

sistency with the previous empirical correlations for bubble 
diameter and jet shape, experimental validation for group B par- 
ticles, and examination of the possibility of extending the pres- 
ent rule into other rate phenomena have been presented. Thus, 
the possibility of applying the present similarity rule with the 
conventional identity rule has been confirmed. Further study is 
needed regarding: 

1. Experimental testing of the present rule for group A par- 
ticles 

2. Applicability of the rule for controlling particle behavior 
3. The possibility of extending the rule into the freeboard 

4. Methodology for applying the present similarity rule to 
problem 

fluidized bed design and development. 

Notation 
A,  = bed cross-sectional area, m2 
B = set of all bubbles in the bed 

B: = set of bubbles absorbed by bubble i 
h = parameter, Eq. 15 

d, = char particle diameter, m 
d, = jet diameter, m 

d,  = particle moving zone diameter around a distributor orifice, m 
d,  = orifice diameter, m 
d, = surface volume mean particle diameter, m 
Db = bubble diameter, m 
Db = diameter of bubble curvature, m 
Dw = initial bubble diameter, m 
Dbm = maximum bubble diameter from total coalescence of bubbles, 

m 
0: = diameter of cloud curvature, m 
D, = bubble eruption diameter, m 
0, = radial diffusivity of bed particles, m’/s 
D, = column diameter, m 
0; = thickness of two-dimensional bed, m 
D* = molecular diffusivity, m’/s 

e, = unit z vector, e 
/ b  = bubble frequency per total bed cross section, 11s 
fd = ratio of drift particle volume to bubble volume 
f: = splitting frequency of a single bubble, 1 /s 

f w  = wake fraction 
Fij = factor representing interaction between bubbles i and j 
Fr = Froude number 

g = gravity acceleration, m/s’ 
G = (uo ~ u,,)A,/n, bubble flow rate through an orifice, m’/s 
h, = jet height, m 
h, = dead zone height, m 
kb = ub/ m. bubble velocity coefficient 

k, = overall combustion rate constant, m/s 
k ,  = reaction rate constant, l / s  

kbm = velocity coefficient of a bubble in isolation 

KBC = gas interchange coefficient between bubble and cloud phase, 

KBco = gas interchange coefficient for negligible diffusion, I/s 
1 1s 

Ib  = vertical length of bubble and probe intercept, m 
I ,  = jet length, m 

L, = fluidized bed height, m 

M = magnification of length scale 
n, = number of orifices on the distributor 

L,/ = bed height a t  minimum fluidizing condition, m 

NBc = dimensionless gas interchange coefficient 
NBca = dimensionless gas interchange coefficient for negligible diffu- 

sion 
N, = dimensionless reaction rate constant 

Pe, = Peclet number for radial solid dispersion 
P. = orifice pitch, rn 
q. = volumetric solid circulation rate, m3 (emulsion)/s 
r = radius, m 

rp = radial position of maximum bubble flow, m 
Rb = bubble radius, m 
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R6 = radius of bubble curvature, m 
R, = cloud radius, m 
R, = DJ2, m 

t = time, s 
u,, = superficial gas velocity, m/s 
ub = bubble rising velocity, m/s 

urn = ubtb, local superficial bubble velocity, m/s 
ubr = rising velocity of bubble i ,  m/s  
ubm = rising velocity of a bubble in isolation, m/s  
u, = interstitial gas velocity, m/s 

uemf = interstitial gas velocity a t  minimum fluidization, m/s 
urn, = minimum fluidization velocity, m/a 
u, = gas velocity a t  the outlet of an orifice. m/s  
u, = radial gas velocity around a bubble, m/s 
u, = slug rising velocity, m/s 
u, = terminal velocity, m/s  
ud = 8 direction gas velocity around a bubble, m/s  
v = particle velocity vector, m/s  
or = radial velocity of solid around a bubble, m/s 
ub = 8 direction velocity of solid around a bubbie, m/s 
x = horizontal coordinate, m 

xb, = ( X b , .  yb,. zb,) .  location of bubble i, m 
q,, = initial location of bubble, i ,  m 
X, = mass fraction of char in the bed 
y = horizontal coordinate, m 
z - height above distributor, m 

zrn = height of initial bubble formation, m 

Greek letters 
ab = ub=/’em/ 

@ = D*05 $25/umJD:25, relative intensity of diffusion 
Au,, = increment of velocity of bubble i by the presence of bubble j ,  

m l  s 
cb = bubble fraction 

8 = angle, rad 
I.L = viscosity, Pa . s 
Y, = turbulent kinematic viscosity of solids, m’/s 
6 = parameter, Eq. 9 

4, = angle of repose, rad 
@: = dimensionless velocity potential of particles 
U,’ = dimensionless stream function of gas 

em/ = void fraction of bed at  minimum fluidization 

pr = density of char, kg/m’ 
p, = gas density, kg/m3 
pp = particle density, kg/m’ 

Superscripts 
+ = dimensionless 
o = original scale plant 
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